Previous work on the phase-shifted version of the multichannel quantum-defect theory (MQDT) for a system involving 2 closed and many open channels (Lee, C.-W. Bull. Korean Chem. Soc. 2010, 31, 1669) was extended to obtain the formulae of the spectral shape parameters with the structure of a pole extracted explicitly for general cases only limited by 2 non-degenerate closed channels. The theory was applied to the narrow 6p1/2,3/2np J = 1 autoionizing Rydberg series in barium perturbed by the 6p3/2nf states obtained by de Graaff et al.
Introduction
A Rydberg series perturbed by an interloper is an important system showing complex resonance phenomena due to the overlapping resonance. Multichannel quantum defect theories (MQ-DT), with the implementation of phase renormalization, are extremely powerful for dealing with the observed overlapping resonances. [1] [2] [3] [4] [5] A system including only 3 channel systems with one open and 2 closed chosen as the model system was studied extensively by Giusti-Suzor and Lefebvre-Brion, Cooke and Cromer, Wintgen and Friedrich and Ueda.
3,4,6,7 They investigated the phenomena in complex resonances, such as intensity borrowing, q reversals and truly bound states in a continuum. Among these studies, the reformulation of the phase-shifted MQDT by Ueda to disentangle the interloper spectra from the perturbed autoionizing Rydberg series provides a very useful tool for analyzing overlapping resonance spectra, and was instrumental in Refs. [8] and [9] for determining the mutual influences between an interloper and the autoionizing Rydberg series perturbed by it in the photoionization cross section σ : 
where index 2 denotes the Rydberg series of an interloper, 1 for the perturbed Rydberg series, 2 ε% stands for the reduced energy of the Rydberg series 2, 2 q % is the line shape index and 1eff ε% and 1eff q % are the effective reduced energy and line shape index for the perturbed Rydberg series 1, respectively. Eq. (1) shows that the effect of an interloper to the autoionizing spectra of a Rydberg series appears in two ways. One is to modulate the entire shape of the spectra so that its envelope is given by the autoionization spectra 
of the interloper and the other is to perturb each resonance peak of the spectra of the Rydberg series with its effect incorporated into the resonance parameters of each resonance peak so that 1 ε% and 1 q % are replaced by the effective 1eff ε% and 1eff q % , respectively. The perturbation is local so that 1eff 2 ( ) q ε% % is no longer a constant function of the energy 2 ε% , which is in contrast to the constant 1 q % for the unperturbed autoionizing Rydberg series 1.
Ref. [8] reported that the autoionization cross section σ of (1) 
where W q % is another line shape parameter pertaining to the perturbed line width 1eff W % of series 1 by the interloper. Such pole and zero surface structures were incorporated into the form of a map to follow the change and control the patterns of the autoionization spectra in previous work. 8 Ueda's formalism 7 was extended further to systems involving more than 1 open channel to determine the role of the additional open channels on channel coupling and the spectra, which might be viewed as a controversial field in MQDT with unconfirmed assertions remaining to be resolved. Fano and Cooper reported that a discrete state can interact with only one type of continuum. Mies developed their theory further and proposed the use an overlapping matrix to represent the extent of overlap when a complete superimposition of overlapping resonances is no longer obtained when more than l open channel is involved in the configuration mixing (CM) theory. Mies's CM theory was implemented into MQDT to treat the spectral width in the isolated core excitation (ICE) spectra by Lecomte. 10 Cohen challenged this problem of handling the channel coupling induced by additional open channels in the MQDT formulation with the approximate analytic solution but was only partially successful.
11
The author's previous work applied Ueda ' F 9/2 , for which Cohen's 4 channel QDT failed. 11 However, this work was unsuccessful in obtaining explicit formulae of the zero surfaces of the line profile index 1eff q % for general systems limited only by 2 non-degenerate closed channels. This paper reports the formulae with the structure of a pole explicitly extracted for such general systems. Obtaining explicit formulae is important for deriving the physical terms that determine the spectral shape and obtaining the entire spectrum of possible patterns of the spectral shape. The formulae was applied to the Ba 6p 1/2 np 3/2 J =1 autoionizing Rydberg series with 6p 3/2 nf series as an interloper
Overview
In the presence of more than one open channel, the total autoionization cross section is given by a sum of the cross sections over all open channels. For practical purposes, it is better to use the eigenchannels of the physical scattering matrices S in place of the open channels. If index ρ is used for the eigenchannels, the total autoionization cross section is given by the sum over ρ as follows:
where α denotes the fine structure constant, ω is the frequency of light and D ρ % is the transition dipole moment to the eigenchannel wavefunction ρ Ψ % . Cohen reported that among the eigenchannels, only one shows most of the resonance behavior and the contributions of remaining ones can be treated as backgrounds to the autoionization spectra: [8] and [9] showed that the decoupling (6) of the interloper's spectrum from the perturbed autoionizing Rydberg series can be made more powerful by exploiting the pole and zero surface structures of the line asymmetry parameter 1eff q % , such as (3) and (4). Attempts to find similar explicit pole structures from (6) for systems involving more than 1 open channel were unsuccessful in previous work. Partial success was obtained for special cases of a negligible direct interaction between the closed channels and a negligible transition to the open channels. This paper reports the explicit formula for the general cases. Before deriving this general explicit formula, let us describe the system for which the present theory was developed.
Brief introduction of MQDT formulation. Consider the photoionization energy range satisfying 3 1 2 n I I E I I < < < < < L so that channels 1 and 2 are closed to direct ionization, and channels from 3 to n are open to ionization. In this case, Rydberg series 1 and 2 converging to the respective ionization limit, 1 I and 2 I , produce autoionizing photoionization spectra by channel coupling with the open channels from 3 to n . In this system satisfying 1 2 I I < , the autoionizing lines of Rydberg series 2 act as interlopers for denser autoionizing lines of Rydberg series 1 and produce complex overlapping resonances. Multichannel quantum defect theories (MQDT) used to deal with these overlapping resonances utilize a few channel interaction parameters represented by the reactance matrix elements ij K for coupling between channels i and j . 2 The phase-shifted version of MQDT is normally employed to take advantage of the minimal set of non-zero reactance matrix elements given by 
for the present system. 10 
In the expansion, the additional factors, cos ρ δ % and cosπ 
with the phase-shifted regular and irregular base pair 3 ( , ) 
where i β % is (
is the eigenphase shift obtained from the compatibility equation
of the MQDT equation
obtained by setting the coefficients of the exponentially increasing terms of (8) to zero. Previous results relevant to the present formulation. As stated above, only one eigenchannel dominates the resonance behavior and can be regarded as a resonance eigenchannel, 11 indicating that the parameters of the resonance dominant eigenchannel can be used as resonance parameters. However, a better way to obtain the resonance parameters is to consider the sum ρ ρ δ Σ % of the eigenphase shifts that remove the avoided crossing interactions analytically:
where cc κ% denotes cc co oo 1 oc
in the phase-shifted MQDT yields the 3 rd equality in Eq. (14) . From (14) , the resonant phase shift r δ % is equivalent to the phase of β κ + % % was obtained as follows: 
where W q % is also the generalization of
in the 3 channel QDT involving 1 open and 2 closed channels and is defined as follows: 
where
Σ % % , A ρ stands for the avoided cross interaction and is close to unity, whose explicit form can be found in Ref. [9] . This will not be considered further as it does not play a significant role. The line profile parameters, 1 q ρ % and 2 q ρ % , now depend on the eigenchannels and denote
where cos ρ α and cos ρ β are the direction cosines of o Z ρ % of the unit length into the axes 1 ξ % and 2 ξ % , respectively. The ratio of the direction cosines cos / cos ρ ρ β α gives the ratio of contributions of Rydberg series 1 and 2 in eigenchannel ρ , and will be denoted as r ρ . Its other equation is (19) is the effective line shape parameter and was obtained as follows:
With the substitution of (15), (19) gives the autoionization cross section formula, which takes the form of (6) when res
Note that the decomposition of the autoionization cross section for the systems involving 2 closed and more than 1 open channel relies on the dominance of the total cross sections by the resonant eigenchannel.
11 Such decomposition would be exact if the dynamics at the excited states alone are considered, indicating that the decomposition is a more fundamental nature of the overlapping resonances. This fact derives from the exact isolation of the resonance phase shift r δ % into r1eff δ % + r2 δ % , even when more than 1 open channel is involved. See Appendix A for proof. Derivation of the general explicit formulae of q 1eff . Adding additional open channels to the formulation is troublesome in the MQDT formulation. 11 One of the problems is caused by the connection problem of the eigenchannels at different energies. To classify the eigenchannels into resonance and non-resonance ones, the continuity of the first derivative of the dynamic quantities, such as the eigenphase shifts ρ δ % needs to be sacrificed.
This means that the dynamic quantities under this connection might not have continuous first derivatives because the connection is not based on achieving smooth variations in the physical quantities as a function of energy but simply sorting into resonance and non-resonance parts. Kinks caused by this discontinuity are not induced by real physics but by connection problems. Their removal will greatly simplify the investigation without losing any validity of the analysis associated with q reversals. One way of removing the kink is to use the average value. The other way is to use solutions at the most remote points from the kinks. 1 ε = ∞ % or 1 tan β = ∞ % corresponds to such a point that was already utilized in Ref. [9] . The analytical solution for the eigenchannel problem of res res res 
From the substitution of (24) and (16) 
It was already shown that 1res q % and 2res q % have the same form as and dividing both the numerator and denominator of (25) 
which is the improved version of Eq. (41) of Ref. [9] . Note that there is no simple pole at 2 ε% = 2res q − % in this case, which is in contrast to (25) and (26) 
Note that the zero surface at 2 W 0 q ε + = % % in (27) disappeared. The quadratic form of the numerator of the right side of (28) enjoys several distinctive relationships. The unity of the constant term means that the two roots are multiplicative inverses of each other and limit the values of double roots to ±1. The sum of the roots given by
suggests that if 2 W % approaches zero, one of the roots approaches infinity whereas the other approaches zero, which is equivalent to the statement that one of the roots approaches the resonance point of the interloper, whereas the other root becomes off-resonant. This means that q reversal occurs at the resonance peak of an interloper and another q reversal takes place around the minimum of the cross sections. This topic was discussed extensively from the viewpoint of Feshbach type's theory of resonance in Ref. [5] . The sign of the double root was determined by the sign of 12 12 K % are involved in the interference pattern that determines the spectral shape. Therefore, this study shows the parameters involved in the spectral shape and how they affect the shape.
Another frequently observed q reversal pattern, where the autoionizing satellite peaks of the perturbed series 1 lean toward the central peak due to the interloper, is related to the sign of W0 rq % of (28). The frequently observed q reversal pattern of the satellite peaks leaning toward the central peak corresponds to the negative sign of W0 rq % . If the sign is positive, the q reversal pattern would be such that the satellite peaks of perturbed series 1 lean outward from the central peak. This relationship of the sign of the coefficient of the highest order term of the numerator for the formulae of res 1eff q % to the q reversal pattern is general and applies to all cases. [9] .
Both (25) and (27) show that when 0
, which is the second order pole at the denominator in (27) cancels . Let us denote this finite product as W0 q % . Numerous spectra belonging to this null indirect coupling case have been observed, particularly by Hogervorst's group. [16] [17] [18] [19] One of their spectra will be considered in the next section. They applied extensively the concept of assigning one effective continuum to one closed channel proposed by Cooke and Cromer. 4 They also introduced the simplification to the proposal and limited the nonzero values of Reduced widths and energy for this null indirect coupling case are simplified as follows:
Since there is only one path for direct coupling 12 K % , no destructive interference takes place and 1eff W % is always ≥ 1 W % . Destructive interference between direct couplings might have been possible if there were more than 2 closed channels. Eq. (29) shows that 1eff W % and 1eff ε% become 1 W % and 1 ε% , respectively, if 12 K % is zero, meaning that the resonances are isolated as a matter of course because in this case, the indirect coupling of closed channels and the direct coupling are zero. If the direct coupling 12 K % is turned on between closed channels 1 and 2 in the absence of an indirect one, the perturbations of the interloper begin to affect the spectral width 1 W % , reduce the energy 1 ε% of Rydberg series 1 and contribute to additional terms proportional to 2 12 K % . Strictly, it is not 2 12 K % but 2 W0 q % that is equal to
. This highlights the importance of the vector lengths of the coupling vectors 1 ξ % and 2 ξ % besides the angle between them. Although for the null indirect coupling case, the scalar product 1 2 ⋅ ξ ξ % % representing the indirect coupling in space P is zero, and there is only direct coupling between the closed channels which has no representation in space P , the additional open channels may still affect the autoionization dynamics. The above result shows that this is indeed the case, and the open channels affect the dynamics through the vector lengths of the coupling vectors. The effect of direct coupling on the autoionization dynamics is diminished as the vector lengths of coupling vectors increase. This suggests that direct coupling is not fully compatible with the autoionization dynamics, and this incompatibility in conjunction with the uncertainty principle of quantum mechanics causes depolarizing quantum averaging. With this interpretation, the meaning of W0 q % can be given as the depolarized strength of the direct coupling.
Let us examine the behavior of 1eff W % of (29), which is the measure of the autoionization rate of a perturbed Rydberg series 1 and whose energy variation is caused by coupling from the interloper. The maximum of 1eff W % occurs at the resonance point 
This indicates that the maximum autoionization rate of the perturbed series 1 increases with increasing direct coupling strength 12 K % with an interloper. The increase in the maximum rate of series 1 with increasing 12 K % may be due to either the leakage of series 2 into series 1 or the leakage of series 1 into series 2. Interestingly, the maximum rate of series 1 decreases as the rate of series 2 gauged by 2 W % increases, indicating that the autoionization of series 2 blocks the autoionization of series 1. This also suggests that an increase in the maximum rate of series 1 with increasing 12 K % is caused mainly by the leakage of series 2 into series 1. Note that the maximum rate approaches infinity as the autoionizing rate of series 2 measured by 2 W % approaches zero. However, caution should be taken when making an interpretation. The range affected by the increase in the maximum rate is given by 2 W % . Therefore, although the maximum rate of series 1 approaches infinity, its affected range also approaches zero, meaning that the infinite rate is seldom realized in the spectra.
Consider the line shape parameter res 1eff
q % when / 2 θ π = . Its unperturbed version 1res q % is zero from (23). Its value comes purely from the perturbation by direct coupling and is proportional to 2 W0 q % : q % and the overall shapes of the autoionization spectra become closer to the interloper one. Eq. Thus far, the behavior of the dynamic parameters for the limiting cases was examined: either 0
For the cases lying in between, the scaled spectral width (16) is given by the sum of two incoherent terms with the weights given by 
Although there is no difference in the fact that a line profile index changes sign at W q % , the nature of the point of 2
Application to Ba 6p 1/2 np3/2 J = 1 autoionizing Rydberg series with 6p 3/2 nf series as an interloper. Let us apply the theory to the narrow 6p1/2,3/2np J = 1 autoionizing Rydberg series in barium perturbed by the 6p 3/2 nf states obtained in Ref. [19] . They used 5d 3/2 6p 3/2 3 P 0 as an intermediate level to excite the 6pnl J =1 autoionizing Rydberg series. For J = 1, there are four 6pnp series, two converging to the 6p 1/2 limit and two to the 6p 3/2 limit. In addition, one rapidly autoionizing 6p 3/2 nf 5/2 series occurs. Two series converging to 6p1/2np1/2 and 6p1/2np3/2 are not coupled strongly and series 6p 1/2 np 1/2 may be omitted without a noticeable change in the major nature of the spectra belonging to the 6p1/2np3/2 series for the test of the current theory. Using this simplification, their 7 channel phase-shifted MQDT calculation, which satisfactorily reproduces the observed spectra, can be reduced to the one involving 4 channels: 6p1/2np3/2, 6p3/2nf 5/2 and two open channels.
In the spectra, the 6p 3/2 nf 5/2 series acts as an interloper to the autoionizing Rydberg series 6p1/2np3/2. The magnitudes of channel coupling with the closed channels are the parameters to be inputted for open channels. In addition to those, the other nature of the open channels is not required for the MQDT calculation. The present theory clarifies this point and shows that open channels enter the formalism only in the form of i ξ % and θ . For concreteness, the experimental identifications with 6s l ε for the decay of the 6pnp series and 5d l ε ′ for the decay of the 6p3/2nf series, which are compatible with the selection rule, 1 l Δ = ± , may be specified. The number of open channels does not affect the fit provided greater than one because their contributions might be regarded in an average sense as a constant function of energy, as in the configuration mixing theory of Fano. 20 They only affect the fit through the angle θ between the coupling vectors 1 ξ % and 2 ξ % . The relevant parameters in Table 1 were copied from Ref. Each closed channel couples with its own effective continuum, resulting in null indirect coupling. Although closed channels do not interact indirectly via open channels, they can interact directly with each other but with the strength 12 K % reduced by 1 2 ξ ξ % % . Fig. 2(a) shows the spectrum calculated using the 4 channel QDT with the parameters in Table 2 . Fig. 2(b) shows the spectrum of the resonance part and confirms the assertion that it comprises most of the total cross sections. Fig. 2(c) shows the spectrum of the line profile index sonance peak corresponding to 6p 3/2 7f 5/2 around which the perturbed autoionizing Rydberg series 1 change sign in q can be identified in Fig. 2(a) . The closeness of the q value to zero in a wide range of energies around the straddling peak makes the spectra follow the spectra of the interloper more smoothly. If be removed. Indeed, the observed spectra were influenced greatly by the pole structures, whose effect was toned down by the contribution from concurrent incoherent processes. With the explicit factoring of the pole structure sometimes with the help of the decomposition into the partial fractions, the previous study turned the problematic poles into powerful tools for examining autoionization spectra. 8 When additional open channels are involved, further contamination with kinks and poles occurs because of the connection nature of eigenchannels into the resonant and non-resonant ones proposed by Cohen. 11 His proposal to construct resonant dominant and non-resonant dominant eigenchannels was the critical step to the extension of the Ueda type of decomposition to the systems involving more than 1 open channel, which allowed us to apply Ueda's formulation to the resonant eigenchannel and treat the contributions of remaining non-resonant part as a background. However, such attempts were hampered by the difficulty to obtain formulae with the structures of pole explicitly exposed except for some particular cases, and only partial success was reported. 9 This study examined this problem again. The removal of kinks was achieved using the solutions at the most remote points from the kinks. The solutions corresponded to the effective continuum 4,14 or Fano's a state 15 for the autoionizing Rydberg series 2. In physical terms, such removal of kinks helps replace the perturbed dynamic constants pertaining to the open channels with no structure in the autoionization processes for Rydberg series 1 with a structured background that is provided by the envelope of the interloper. For example, the line profile index res 1eff q % is no longer constant. Its energy variation follows the structured background provided by the interloper.
The explicit formulae for the perturbed autoionizing Rydberg series thus obtained for the general cases show the structures of troublesome poles and extremely valuable zero surfaces of the spectral shape parameter q. Without knowing such structures, the behavior of the dynamic parameters would not be controlled easily because of their peculiar behavior due to the singularity. The explicit formulae helped identify the parameters responsible for the observed phenomena, such as for the frequently observed q reversal pattern, where the autoionizing satellite peaks of the perturbed series 1 lean toward the central peak due to the interloper. The table was given to show the terms that are responsible for the observed phenomena, in particular for the q reversal, which is the most important single parameter that determines the spectral line shapes of autoionization.
In order to emphasize the effect of the additional open channels on the autoionization spectra, the case of extreme deviation from the 1 open channel systems was studied in depth. Such extreme deviation corresponds to the null indirect coupling case, which occurs when the indirect coupling paths between the closed channels via the open channels in space P (consisted of open channels) interfere destructively and there remains only direct coupling between the closed channels, which has no representation in space P. Although no coupling of the closed channels occurs in space P, the open channels may still affect the autoionization dynamics not by indirect coupling represented by the scalar product between the coupling vectors in space P but by the vector lengths of the coupling vectors in space P.
The effect of direct coupling on the autoionization dynamics decreased with increasing the vector lengths of the coupling vectors in space P. This suggests that the direct coupling is not fully compatible with the autoionization dynamics, and this incompatibility in conjunction with the uncertainty principle of quantum mechanics causes depolarizing quantum averaging. With this interpretation, the meaning of W0 q % was given as the depolarized strength of the direct coupling.
The present theory was applied to the narrow 6p 1/2,3/2 np J = 1 autoionizing Rydberg series in barium perturbed by the 6p3/2nf states obtained by de Graaff et al., 19 which is one of the series of experiments that applies the concept of assigning one effective continuum to one closed channel proposed by Cooke and Cromer. 4 The experiment corresponds to the case of null indirect coupling between the closed channels in our theory. To emphasize the effect of additional open channels to autoionization spectra, the transformation from the observed autoionization spectrum into the one for the 3 channel system was performed by tending one of the coupling parameters to zero. A completely different spectrum was obtained: the resonance peaks in the 4 channel system act as a structured background to the perturbed autoionizing series 1, whereas it is clearly discernable as a separate peak in the 3 channel system and huge intensity borrowing around the interloper resonance peak occurs. In addition to this transformation from a 4 to 3 channel system, the theory was used to identify other possible different types of spectra by varying the same coupling parameter. One of the limits of this application was that the number of closed channels needs to be reduced from 5 to 2 to apply the theory. Therefore, future work will need to extend the theory to systems with more than 2 closed channels, in particular to systems that still keep the scheme of a perturbed autoionizing series by an interloper but allow degeneracy either or both for the perturbed series and interloper.
imposed by the physical situation of the rapidly varying series perturbed by a slowly varying one, the interloper, for a given energy interval. Let us call the rapidly varying series series 1 and the slowly varying one series 2. Since series 2 varies slowly, it will act as an envelope to series 1. This can be incorporated into (A2) by factoring 2 -i ε% out:
